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Abstract In this paper, first, we obtained two new s-
Godunova–Levin type inequalities about ‘‘the mean value
Theorem for integrals’’. Second, some inequalities were
proved for mappings qth powers of first derivatives be-
longing to class QsðIÞ using the Cˇebysˇev’s inequality, H
o¨lder inequality, Power mean inequality, and some other
classical inequalities. Finally, some error estimates for the
Trapezoidal formula are also given.The results obtained are
consistent with literature.
Keywords Hadamard’s inequality  Differentiable
mappings  s-Godunova–Levin type functions  Fractional
integral  Power mean inequality
Introduction
One of the most famous inequalities for convex functions is
Hadamard’s inequality. This double inequality is stated as
follows (see for example [1, 2]): Let f : I  R! R be a
convex function on the interval I of real numbers and









f ðxÞdx f ðaÞ þ f ðbÞ
2
: ð1Þ
For several recent results concerning the inequality (1), we
refer the interested reader to [1–5].
Definition 1 [6] We say that f : I ! R is a Godunova–
Levin function or that f belongs to class Q(I) if f is non-
negative and for all x; y 2 I and t 2 ð0; 1Þ we have
f ðtxþ ð1 tÞyÞ 1
t
f ðxÞ þ 1
1 t f ðyÞ: ð2Þ
Some further properties of this class of functions can be
found in [7–12]. Among others, it has been noted that non-
negative monotone and non-negative convex functions
belong to this class of functions. The above concept can be
extended for functions f : C  X ! ½0;1Þ where C is a
convex subset of the real or complex linear space X and the
inequality (2) is satisfied for any vectors x; y 2 C and
t 2 ð0; 1Þ. If the function f : C  X ! R is non-negative
and convex, then it is of Godunova–Levin type.
Definition 2 Let s be a real number, s 2 ð0; 1. A function
f : ½0;1Þ ! ½0;1Þ is said to be s-convex (in the second
sense)
f ðtxþ ð1 tÞyÞ tsf ðxÞ þ ð1 tÞsf ðyÞ
for all x; y 2 ½0;1Þ and t 2 ½0; 1.
For some properties of this class of functions see [13–17].
This concept can be extended for functions defined on
convex subsets of linear spaces in the same way as above
replacing the interval I be the corresponding convex subset
C of the linear space X:
Definition 3 [18] We say that the function f : C  X !
½0;1Þ is of sGodunova–Levin type, with s 2 ½0; 1; if
f ðtxþ ð1 tÞyÞ 1
ts
f ðxÞ þ 1ð1 tÞs f ðyÞ
for all t 2 ð0; 1Þ and x; y 2 C:
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We denote by QsðCÞ the class of s-Godunova–Levin
functions defined on C:
We observe that for s ¼ 0, we obtain the class of p-
functions while for s ¼ 1 we obtain the class of Godunova–
Levin. Thus,
PðCÞ ¼ Q0ðCÞ  Qs1ðCÞ  Qs2ðCÞ  Q1ðCÞ ¼ QðCÞ
for 0 s1 s2 1:
We recall the well-known Ho¨lder’s integral inequality
which can be stated as follows, see [19].




¼ 1: If f and g are real
functions defined on ½a; b and if fj jp and gj jq are inte-
























with equality holding if and only if A f ðxÞj jp¼ B gðxÞj jqal-
most everywhere, where A and B are constants.
Theorem 2 (Power Mean Inequality, see [20]) Let x ¼
ðxiÞ; p ¼ ðpiÞ be two positive n-tubles and let r 2 R [
























; r ¼ 0
minðx1; x2; . . .; xnÞ; r ¼ 1
maxðx1; x2; . . .; xnÞ; r ¼ þ1
8>>>>><
>>>>>>:
Note that if 1 r\s1; then
M½rn M½sn
(see, e.g., [21]).
Theorem 3 [1] Let f 2 QðIÞ, a; b 2 I with a\b and f 2










Theorem 4 [1] Let f 2 PðIÞ, a; b 2 I with a\b and f 2









f ðxÞdx 2ðf ðaÞ þ f ðbÞÞ: ð4Þ
Both inequalities are best possible.
We need the following inequalities:
Theorem 5 (see [21]) Let f ; g : ½a; b ! R be integrable
functions, both increasing or both decreasing. Further-













If one of the functions f or g is nonincreasing and the other
nondecreasing then the inequality in (5) is reversed.
Inequality (5) is known in the literature as Cˇebysˇev’s






















Now, we are giving some necessary definitions and
mathematical preliminaries of fractional calculus theory
which are used throughout this paper, see [22].
Definition 4 Let f 2 L1½a; b: The Riemann–Liouville
integrals Jaaþ f and J
a
b f of order a[ 0 with a 0 are de-
fined by





x tð Þa1f ðtÞdt; x[ a
and





t  xð Þa1f ðtÞdt; x\b
respectively, where CðaÞ ¼ R1
0
euua1du: Here is
J0aþ f ðxÞ ¼ J0b f ðxÞ ¼ f ðxÞ:
In the case of a ¼ 1, the fractional integral reduces to
the classical integral.
For some recent results connected with fractional inte-
gral inequalities see [22–29].
In [30, O¨zdemir et al. proved the following result for
fractional integrals.
Lemma 1 Let f : I  R! R be a differentiable mapping
on I with a\r; a; r 2 I: If f 0 2 L½a; r; then the following
equality for fractional integrals holds:
f ðaÞ þ f ðrÞ
2
 Cðaþ 1Þ
2ðr  aÞa J
a
r f ðaÞ þ Jaaþ f ðrÞ
 




ð1 tÞa  ta½ f 0ðr þ ða rÞtÞdt:
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The main purpose of this study is to obtain the
inequalities for class of s-Godunova–Levin type functions.
Main results
In [31], S. S. Dragomir has written the following inequal-
ities (6) and (8) without proof.
Theorem 6 Let f 2 QsðCÞ; with a\b and f 2 L1½a; b;






















f ðxÞdx f ðaÞ þ f ðbÞ
1 s ; s 2 0; 1½ Þ ð8Þ




2sðf ðxÞ þ f ðyÞÞ f xþ y
2
 
Now, if we choose x ¼ taþ ð1 tÞb; y ¼ ð1 tÞaþ tb;
we have








f ðtaþ ð1 tÞbÞdt þ
Z 1
0
f ðð1 tÞaþ tbÞdt
 	




On the other hand,
Z 1
0
f ðtaþ ð1 tÞbÞdt ¼
Z 1
0






we get the inequality (6) from (9).
For the proof of (7), if f 2 QsðCÞ for all a; b 2 C and
t 2 ð0; 1Þ; it yields
tsð1 tÞsf ðtaþ ð1 tÞbÞ ð1 tÞsf ðaÞ þ tsf ðbÞ
and
tsð1 tÞsf ðð1 tÞaþ tbÞ tsf ðaÞ þ ð1 tÞsf ðbÞ:




tsð1 tÞs f ðtaþ ð1 tÞbÞ þ f ðð1 tÞaþ tbÞ½ dt
 2
sþ 1 f ðaÞ þ f ðbÞ½ :
Now, by a simple computation, we haveZ 1
0
tsð1 tÞsf ðtaþð1 tÞbÞdand
Z 1
0
tsð1 tÞsf ðð1 tÞaþ tbÞdt:
Let be gðtÞ¼ tsð1 tÞs: We take symmetric of the functions




: Also, let the functions f
and g both be either increasing or decreasing. By applying
Cˇebysˇ ev’s inequality, we haveZ 1
0
tsð1 tÞsf ðtaþð1 tÞbÞdt¼
Z 1
0














To obtain the inequality (8), as f 2QsðCÞ; we have
f ðtaþ ð1 tÞbÞ tsf ðaÞ þ ð1 tÞsf ðbÞ
integrating this inequality on ½0; 1; we get
Z 1
0







¼ f ðaÞþ f ðbÞ
1 s ; ðs2 ½0;1ÞÞ
As the change of variable x¼ taþð1 tÞb gives us
Z 1
0





which completes the proof of the inequality (8). h
Theorem 7 Combining the inequalities 2:1ð Þ and 2:3ð Þ










f ðxÞdx 2sþ1 f ðaÞ þ f ðbÞ
1 s :
Remark 1 If we choose s ¼ 1 in (6) and (7), we obtain the
inequality (3) and right hand side of (4), respectively.
Theorem 8 Let f : I  R! ½0;1Þ be a differentiable
mapping on I, a; r 2 I and a\r: If f 0j j 2 QaðIÞ with a 2
0; 1½ Þ; t 2 ð0; 1Þ; then the following inequality for frac-
tional integrals holds:
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where bxðy; zÞ ¼
R x
0
ty1ð1 tÞz1dt; 0 x 1is incom-
plete Beta function.
Proof Using the Lemma 1 and f 0j j 2 QaðIÞ; it follows that
f ðaÞ þ f ðrÞ
2
 Cðaþ 1Þ
2ðr  aÞa J
a















ð1 tÞa  taj j f 0ðr þ ða rÞtÞj jdt:
Since
f 0ðrþðarÞtÞj j¼ f 0ðtaþð1 tÞrÞj j 1
ta
f 0ðaÞj jþ 1ð1 tÞa f
0ðrÞj j




















ð1 tÞa taj j 1
ta









ð1 tÞa ta½  1
ta









tað1 tÞa½  1
ta


















































f 0ðrÞj j  f 0ðaÞj j  f 0ðrÞj j þ f 0ðaÞj j:
Hence, we obtain the inequality (10). h
Theorem 9 Let f : I  R! ½0;1Þ be a differentiable
mapping of I, a; r 2 I and a\r: If f 0j jq2 QsðIÞ with
a 2 ½0; 1, t 2 ð0; 1Þ, then the following inequality for
fractional integrals holds:
f ðaÞ þ f ðrÞ
2
 Cðaþ 1Þ
2ðr  aÞa J
a











 ðr  aÞ
2ðapþ 1Þ1pð1 sÞ1q





¼ 1; s 2 ½0; 1Þ; Cð:Þ is Gamma function.
Proof From Lemma 1 and using Ho¨lder inequality with
properties of modulus, we have























































2t  1ð Þapdt
¼ 1
apþ 1 :
Since f 0j j 2 QsðIÞ; we obtain
f 0ðr þ ða rÞtÞj j ¼ f 0ðtaþ ð1 tÞrÞj j  1
ts
f 0ðaÞj j þ 1ð1 tÞs f
0ðrÞj j:
Hence, we get
f ðaÞ þ f ðrÞ
2
 Cðaþ 1Þ
2ðr  aÞa J
a











 ðr  aÞ
2ðapþ 1Þ1pð1 sÞ1q
f 0ðaÞj jqþ f 0ðrÞj jq 1q
which completes the proof. h
Corollary 1 In Theorem 9, if we choose a ¼ 1 and s ¼ 0,
then we have
f ðaÞ þ f ðrÞ
2
 1














 ðr  aÞ
2ðpþ 1Þ1pð1 sÞ1q
f 0ðaÞj jqþ f 0ðrÞj jq 1q
 ðr  aÞ
2
f 0ðaÞj j þ f 0ðrÞj jð Þ: ð11Þ
Proof Let a1 ¼ f 0ðaÞj jq; b1 ¼ f 0ðrÞj jq; 0\ 1q\1 for
q[ 1: Using the fact
Xn
i¼1
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for a1; a2; . . .; an 0; b1; b2; . . .; bn 0, we obtain the





p  1; p 2 0; 1ð Þ: h
Theorem 10 Let f : I  R! ½0;1Þ be a differentiable
mapping an I, a; r 2 I; a\r and q 1: If f 0j jq2 QaðIÞ with
a 2 0; 1½ Þ; t 2 ð0; 1Þ, then the following inequality for
fractional integrals hold:





























	 f 0ðaÞj jþ f 0ðrÞj jð Þ:
ð12Þ
Proof From Lemma 1 and using the well-known power
mean inequality, we have
f ðaÞ þ f ðrÞ
2
 Cðaþ 1Þ
2ðr  aÞa J
a















ð1 tÞa  taj j f 0ðr þ ða rÞtÞj jdt














On the other hand, we have
Z 1
0















Since f 0j j2QaðIÞ; we have
f 0ðr þ ða rÞtÞj jq ¼ f 0ðtaþ ð1 tÞrÞj jq 1
ta
f 0ðaÞj jq









ð1 tÞa  taj j 1
ta








ð1 tÞa  ta½  1
ta








ta  ð1 tÞa½  1
ta






i¼1ðai þ biÞr 
Pn
i¼1ai
r þPni¼1bir, we obtain
the required inequality (12). h
Applications to numerical integration
We may not be given a formula for f ðxÞ as a function of x:
For instance, f ðxÞ may be an unknown function whose
values are at certain points of the interval ½a; b . In this
case, we investigate the problem of approximating the
value of the integral I ¼ R b
a
f ðxÞdx using only the values of
f ðxÞ at finitely many points of ½a; b: Obtaining such an
approximation is called numerical integration. That is why,
there are three methods for evaluating definite integrals
numerically. One of them is Trapezoid Rule.
Let d be a division of the interval ½a; r; i.e., d : a ¼
x0\x1\   \xn1\xn ¼ r; and consider the trapezoidal
formula
Tnðf ; dÞ ¼
Xn1
i¼0
f ðxiÞ þ f ðxiþ1Þ
2
ðxiþ1  xiÞ:







f ðxÞdxu Tnðf ; dÞ þ Enðf ; dÞ
where the approximation error Enðf ; dÞ of the integralR b
a
f ðxÞdx by the trapezoidal formula Tnðf ; dÞ satisfies





We shall propose some new estimates of the remainder
term Enðf ; dÞ.
Proposition 1 Let f be a differentiable mapping on I
,
a; r 2 I
 with a\r: If f 0j j is p -convex on ½a; r; then for
every division d of ½a; r; the following holds:










ðxiþ1  xiÞ2 max f 0ðaÞj j; f 0ðrÞj jf g:
Proof Applying Corollary 1 on the subinterval ½xi; xiþ1
ði ¼ 0; 1; 2; . . .; n 1Þ of the division d, we get
f ðxiÞ þ f ðxiþ1Þ
2














 ðxiþ1  xiÞ
2
f 0ðxiÞj j þ f 0ðxiþ1Þj jð Þ
2
:
Summing over i from 0 to n 1 on taking into account that
f 0j j is p-convex; we deduce, by the triangle inequality that



















ðxiþ1xiÞ2 f 0ðxiÞj jþ f 0ðxiþ1Þj jð Þ











Proposition 2 Let f be a differentiable mapping on
I
  I, a; r 2 I




¼ 1: If f 0j jq2
QsðI
Þ with a ¼ 1, t 2 ð0; 1Þ: Then for every division of
½a; r, the following holds:













Proof If we apply the Theorem 9 for a ¼ 1; the proof is
similar to that of Proposition 1. h
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